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‘CTION

ubject of this note was inspired by the following observation.
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a's and \'s are real and different from zero. Clearly f is con-
d bounded so that we may consider the (one-sided) Laplace trans-
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(5) it is intuitively clear that f(t) must have infinitely many
os.

mal proof may be carried out as follows.




Suppose that (the even function) £(t) has only finitely many zeros
possibly none). Then f(t) is eventually of fixed sign and without loss of

enerality we may assume that
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th is a contradiction, proving that f(t) must have infinitely many zeros
In section 1 it will be shown that the technique illustrated above may

reneralized considerably and in section 2 we will describe some con-

lences, the main one being the remarkable fact that the imaginary part

(1 + it), (teR), has infinitely many zeros.

'ION 1

JREM 1. Let X be a locally compact Hausdorff space equipped with a (non—
itive) regular measure p such that X is sigma—- finite with respect to u

u(K) < « for any compact subset K of X.

Let the py-measurable functions é,¥ : X > IR be such that
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. the function f: R » R, defined by

f(t) = J b (x) cos(ty(x)) du(x), (teR)
X

infinitely many (real) zeros.

F. First of all we note that f is well defined indeed. Next, we observe

f is bounded and continuous on IR. It is clear that
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ler to see that f is continuous we recall that the set
mplex valued functions on X, having compact support,
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which it is clear that f, and hence f, is (uniformly) continuous on
Since f is continuous and bounded we may consider the Laplace transform

f for s > 0:

£(s) = f e St f(t)de = j e St { 0 (x) cos(ty(x)) du(x) dt.
0 ' 0 X

conditions in our theorem imply (c.f. [1]) that we may apply Fubini's
rem to the repeated integral in (21) so that
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efore, differentiate k times with respect to s in order to obtain
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all k ¢ N. Hence, choosing k even we find that
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larly as in the introduction, it follows that f£(t) has infinitely many

1) zeros. [

EiBLICTHEEK MATHEMATISCH CENTRUM
~ e AMSTERDAM ——r




EMARK. Theorem | also holds true if in the definition of f we rep
y sin. The proof is virtually the same, the only difference being

ave to choose k odd instead of even.

The theorem also holds if we replace condition (iii) by the f

ne

26) (iii)* e L, (VkeIN) .
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he details of the proof are left to the reader.
ECTION 2

In this section we will first apply the technique illustrated
ections 0 and 1 to the imaginary part of (1 +1it), where ¢ denotes

iemann's zeta-function.

1EOREM 2. [let
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en 1(t) has infinitely many (real) zeros.

R00F. For ¢ > | we define I: R > R by

t(o+it) - g(o-it)

+
5T y (teR ) .

28) IO(t) = Im¢(o +1it) =

. . . + .
1en Ic(t)’ as a function of t, is continuous on IR and since IIO(t
+ . .
r all t € R, Io(t) is also bounded. We consider the Laplace tra
of I for s > 0:
b (9)

i -st T -st pos ] n_it — nit
= _—— t =
J e Io(t)dt J e { Z = 1d
0 0

9) IO(S) 21

L 1 - ! ', (s>0).
o
n

Il o>~ 8

1
_'Z—in s +1ilogn s - 1ilogn

2

0s

we

ng

o)




ferentiation with respect to s yields
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‘erentiating (k—1) times with respect to s we obtain f
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ilarly, as before, we find that
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tlarly as before, we arrive at the remarkable result t

)= Im (!l +it) has infinitely many (real) zeros. 0
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REMARKS. In a similar manner it can be shown that Re z(1+1it) takes the
value 1 infinitely many times.

Also, by the same method, one may show that for any fixed o > 0 the

function Im n(o +it) (where n(s) = z:=1(-l)n+ln_S for Re s > 0) has in-

finitely many real zeros.

As a direct application of theorem 1 we have the following

(HEOREM 3. Let ¢: IR >R be an even (Lebesgue) integrable function which
yanishes in a neighborhood of zero. Then the Fourier transform ¢ of ¢ has

mfinitely many (real) zeros.

'ROOF. Observe that

'36) 3(t) = Jeitx p(x)dx = J¢(x) (cos tx+ isin tx)dx =
R R

= J¢(x) cos txdx = 2 J ¢(x) cos txdx, for some a > 0.
R a

t is easily verified that all conditions of theorem | are satisfied so

hat ¢(t) has infinitely many zeros. gd

EMARK. Note that theorem 3 may by generalized as indicated in the second

emark following the proof of theorem 1.
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